A formal treatment of the parallel translation transformations in warped product manifolds is presented and related to those parallel translation transformations in each of the factor manifolds. A straightforward application to the Schwarzschild and Reissner-Nordström geometries, considered here as particular examples, explains some apparently surprising properties of the holonomy in these manifolds.
Introduction
We study the parallel translation in a warped product space, which is a common structure of many solutions of the Einstein equations. We also show explicit calculations in two examples of spacetimes bearing this structure: the Reissner-Nordström spacetime and the Schwarzschild spacetime (as a particular case of the former).
Parallel translation, when applied to a closed loop, gives the holonomy of the manifold. Holonomy measures the change that a vector undergoes after parallel translation along the closed loop. Parallel translation is an isometry so this change reduces to a change in direction, usually quoted as deficit angle. This effect is a direct consequence of the curvature of the space (gravitation in the context of relativity), so its measure is a measure of curvature. It also characterizes globally the manifold by means of the holonomy group associated with it.
The holonomy of the Schwarzschild spacetime has been studied by Rothman et al (2001) . What caught our attention was that the authors show explicitly how some of the results about holonomy in the ordinary two-sphere are not recovered in the spacetime despite its spherical symmetry. For instance, the holonomy around the equator of a two-sphere is zero, while this is not the case in the Schwarzschild spacetime.
The purpose of this paper is to present the geometrical facts behind this result, i.e. a warped product structure acting in the Schwarzschild spacetime.
A warped product semi-Riemannian manifold of two semi-Riemannian manifolds B and F, denoted by B × f F , is a stronger structure than the usual Cartesian product; the geometry of the second factor F is warped by a smooth warping function f defined on the first factor B. This concept was introduced by Bishop and O'Neill (1969) , and studied extensively by Beem et al (1996) , who first realized that the most famous solutions of the Einstein equation possess this structure, Schwarzschild, Reissner-Nordström, Friedmann-Robertson-Walker, etc, thus its importance in relativity.
This structure has been extensively studied in the last few years (Katanaev 1999) , its generalization to multiple warped products was obtained by Choi (2000) , and Flores and Sánchez (2002) . In particular, the Reissner-Nordström spacetime has already been seen as a warped product structure by Hong et al (2002) , just from the point of view of multiple warped product. The background idea when dealing with warped products is that the properties of the base manifold are inherited directly by the product manifold, while the fibre manifold properties are altered by the warping function when lifted to the product manifold. We develop this general idea for the case of parallel translation.
Our main result, presented in section 2, is to relate the parallel translation in each of the factors to that of the warped product manifold. In section 3 we calculate explicitly the parallel translation in the Schwarzschild and Reissner-Nordström spacetimes which exemplify the main results. We end with a brief summary of our conclusions.
Parallel translation in a warped product space
We will compare the properties of the parallel translation of two semi-Riemannian spaces with that of their warped product. We start by giving the notation and nomenclature and recovering some previous definitions and results. We also recall the definition of warped product space, followed by a proposition which analyses the connection in a warped product manifold.
Warped product space
Let (B, g B ) and (F, g F ) be two semi-Riemannian manifolds, where g B and g F are their respective metric tensors, and f : B −→ R + is a smooth function. Let B × F be the usual Cartesian product, π and σ the projections
and π * , σ * their pull-backs. A warped product is defined in the following way. 
The manifold B is called the base, while F is the fibre.
As an instance, the Reissner-Nordström spacetime M may be viewed as the warped product M = P × f S 2 . Here P is a semiplane in R 2 , which can be described with coordinates (t, r) as P = {(t, r) ∈ R 2 |r > 0}. With this coordinate system the metric tensor reads (see the appendix for notation)
As usual, S 2 is the unit sphere in two dimensions. With spherical coordinates (θ, φ), θ ∈ (0, π), φ ∈ [0, 2π) its metric tensor is given by
The warping function in this case is f (t, r) = r. Then, the lift of (3) is the same, and the lift and warping of (4) is
Their sum gives the usual components of the Reissner-Nordström metric tensor (the full expression appears in the appendix, equations (A.1) and (A.2)). Of course, setting e = 0 gives the Schwarzschild spacetime. The decomposition of a manifold M into the two factors B and F gives a natural decomposition of the tangent bundle
where ⊕ denotes an orthogonal direct sum (orthogonal with respect to the warped product metric g M ), and ∼ = means isomorphism. The orthogonal projections from T p M to each of these components are known as tangent and normal projections:
which are nothing but dπ and dσ respectively. Vice versa, we can send vectors from the tangent bundles of B or F to the tangent bundle of B × f F by means of the horizontal and vertical lifts. The horizontal lift of a vector x ∈ T π(p) B is the only vectorx in the subspace
Connection in the warped product space
Denote by M the warped product B The Levi-Civita covariant derivative on M is also denoted by D and the context clarifies which of both meanings has to be assigned to D. The symbol ·, · is the bilinear form defined by σ * (g F ), that is, the scalar product inherited from that of F.
The following proposition relates the Levi-Civita connection on M with those of B and F. The proof can be seen in O'Neill (1983) .
The first item implies that calculus on B is inherited without changes by B × f F . The second is less direct: the derivative of a vector field on B in the direction of a vector field on F (or vice versa) depends directly on the warping function-if f is a constant, both derivatives would be zero. The last two items show how the calculus on F is lifted to × f F : the tangent part suffers no changes, while the normal part is affected by the warping functionf .
We will apply this proposition to the study of the parallel translation along certain curves, so we first recall the definition of the parallel translation in a general manifold.
Parallel translation
Let α : I ⊂ R −→ M be a curve on the semi-Riemannian manifold M. We suppose, without loss of generality, 0 ∈ I . Let v ∈ T α(0) M be a tangent vector to M at the point α(0) of the curve.
Definition 2. The parallel translation of v along α is the unique vector field
where D/ds is the covariant derivative along the curve α.
Parallel translation in a warped product space
Let α : I −→ B be a curve on B, and β : I −→ F a curve on F. Let X be a parallel vector field along α on B and V a parallel vector field along β on F. We will lift all these objects to B × f F ; denote byX andṼ the usual lifts of the vector fields X and V . The curveα : I −→ B × f F will denote any lift of the curve α in the following sense:α(t) = (α(t), q), where q is a fixed point of F.
, where p is a fixed point of B.
The following proposition establishes the conditions under whichX is parallel alongα and the conditions under whichṼ is parallel alongβ.
Proposition 2. With the previous notation, (i)X is a parallel vector field alongα on B × f F (ii)Ṽ is a parallel vector field alongβ on B × f F if V is orthogonal to the curve β on F.
Proof. 
Taking into account proposition 1, we have:
because X is parallel along α in B. (ii) We compute DṼ /ds where D/ds is now the covariant derivative along the curveβ in B × f F . Again D/ds = D (β) , and (β) , the velocity vector ofβ = (p, β) can be again expressed as (β) = (β ), because p is a constant, i.e.
Proposition 1 can be applied once again to the decomposition of a vector into its normal and tangent parts:
The last term is zero because V is parallel along β in F.
It is now clear that, besides the trivial case where f is a constant, the condition β ,Ṽ = 0 is sufficient for D( β )Ṽ = ∇ β V = 0 to hold and henceṼ be parallel alongβ. But vectors β andṼ are orthogonal with respect to the ·, · metric only if vectors β and V are with respect to the metric g F .
Parallel translation in the Schwarzschild and the Reissner-Nordström spacetimes
We apply here the results of the last section to the two spacetimes, Schwarzschild and Reissner-Nordström, which posses a warped product structure (recall subsection 2.1). The Schwarzschild spacetime is recovered from that of Reissner-Nordström by setting e = 0, so we perform the calculations only for the later spacetime. Following the notation in proposition 2, we select special curves α in the base manifold P and β in the fibre manifold S 2 and their lifts in P × f S 2 to calculate explicitly in this section the parallel translation operators (8) along them. They exhibit all the cases mentioned in the proposition. The idea is to compare them and watch directly which properties are inherited by the warped product manifold.
We will express the parallel translated vector by
where A is an operator which, by means of a coordinate system which covers the point α(0) (β(0) respectively) and the induced basis, {∂ 1 , . . . , ∂ n }, takes the form of a matrix with elements given by
Equation ( 
It is a linear isometric operator.
Curves in the base factor P
For the sake of simplicity we choose coordinate curves, namely, a t-curve and a r-curve.
t-curve.
The curve in the manifold P may be parametrized,
with r 0 > 0 a constant and s ∈ R. Its lift to M = P × f S 2 is
where θ 0 , φ 0 are also constants.
Performing the calculations described in section 2, we obtain the parallel translation operators, which in matrix form are . (21) 3.1.2. r-curve. The curve in the manifold P may be parametrized by
with t 0 and r 0 > 0 arbitrary constants and s > −r 0 . Its
where θ 0 , φ 0 are also constants. The matrices of the parallel translation operators appear as A look at the matrices in both subsections shows that parallel translation along these curves in P is inherited without changes by the parallel translation along their lifted curves to P × f S 2 . These two samples clarify proposition 2, part (i).
Curves in the fibre factor S
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As above, we choose coordinate curves.
θ -curve.
We start by a curve in the manifold S 2 given by parametrized
with θ 0 ∈ (0, π) and φ 0 ∈ [0, 2π) constants and s ∈ [−θ 0 , π − θ 0 ]. It is a meridian of the sphere, and its lift to M = P × f S 2 is
where t 0 , r 0 > 0 are also constants. The parallel transport matrices operators are 
φ-curve.
A φ curve is a parallel of the 2-sphere and is parametrized by
with θ 0 a constant and s ∈ [0, 2π). The constant φ 0 has no relevance so we choose the value zero. The lift to M = P × f S 2 is the curvẽ
where t 0 , r 0 are constants. The parallel transport is given by sin(λs) cos(λs)
where λ = 
The curves in the last two subsections explicitly show the results of proposition 2, part (ii): the parallel translation along these curves in S 2 is not inherited by P × f S 2 . However, a parallel vector field in S 2 which is orthogonal to the curve β has a lift to M = P × f S 2 which is indeed a parallel vector field alongβ. For instance, a vector field with zero ∂ θ component is orthogonal to the θ -curve (a meridian). It is easy to check that 0) and their parallel translation vector fields along β andβ, respectively, have components given by
It is clear thatṼ is the vertical lift of V , asṽ is of v. The same is the case with a vector orthogonal to a φ-curve (a parallel). This is the last statement of proposition 2. By the side, this last curve β 2 (and its liftβ 2 ) allows us to work with a loop: the curve with s ∈ [0, 2π ]. The matrix of the parallel translation along the loop reflects the holonomy in this curve. If the matrix turns out to be the identity matrix, holonomy is zero along it. However we have
which is not the identity matrix unless θ 0 = π 2 , i.e., the equator. But the matrix for the lifted curve is not the identity even though we set θ 0 = 
This last matrix is the parallel translation operator around the equator. If we set e = 0 we recover the matrix form of the result given by Rothman et al (2001) .
Conclusions
We have studied how the property of parallel translation is inherited by a warped product manifold from each of its factors. The results are in accordance with the general idea about warped products of the form B × f F : properties of the factor B are lifted without significant changes to the product manifold, while properties of the factor F are altered by the warping function f when lifted to B × f F .
In the case of parallel translation, this idea takes the following form: the lift of a parallel vector field on B is always a parallel vector field on B × f F . The lift of a parallel vector field on F is not, in general, a parallel vector field on B × f F . Our main result, proposition 2, gives the necessary and sufficient conditions under which a parallel vector field on F is lifted to a parallel vector field on B × f F .
We have analysed this subject in the particular case of the Reissner-Nordström spacetime (and hence Schwarzschild too) which is an example of warped product structure. The three relevant cases resulting from proposition 2 are shown with the four curves studied. In particular, we have given reasons why a loop around the equator of a sphere in Schwarzschild spacetime has no zero holonomy, while it is exactly zero in the unitary sphere. The reason exhibited is that the sphere in the Schwarzschild manifold is warped by the warping function f (t, r) = r, so it cannot retain all the properties of the fibre manifold.
